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Enumerating representations of general unitary groups over
principal ideal rings of length 2
Matthew Levy
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Abstract
We enumerate the number of complex irreducible representations of each degree of gen-
eral unitary groups of degree 4 over principal ideal local rings of length two.
1 Introduction
Let F be a non-Archimedean local field with ring of integers o and let p be the unique maximal
ideal of o. Assume that the residue field k = o/p is finite of order q and characteristic p. This
paper concerns groups of the form G = G(o) where G is one of the o-group schemes of type
A3, i.e. GL4 or GU4. Here, the groups GUn(o) are defined over o using the non-trivial Galois
automorphism of an unramified quadratic extension of o. For l ∈ N we denote by ol the reduction
of ol modulo p
l, i.e. ol = o/p
l. We will simply write Gǫn where ǫ ∈ {±1} to denote G1n = GLn
and G−1n = GUn. We define the representation zeta function of a group G to be the sum
ζG(s) :=
∑
χ∈Irr(G)
χ(1)−s,
where we sum over the complex irreducible characters of G, Irr(G) and s is a complex variable.
The groups Gǫn(o) play an important role in the representation theory of the groups G
ǫ
n(F ),
being maximal compact subgroups. Furthermore, every continuous representation of Gǫn(o)
factors through one of the natural homomorphisms Gǫn(o) → Gǫn(ol). This brings the study of
representations of the groups Gǫn(ol) to the forefront. The study of representations of groups
of type An−1 has attracted much attention. In 1955 Green [5] described the characters of the
complex irreducible representations of general linear groups over finite fields, i.e. groups of the
form GLn(Fq). In the 1960s Ennola [3, 4] gave a description of the characters of the general unit-
ary groups over finite fields and made a curious observation regarding the relationship between
characters of general linear and general unitary groups. This ‘Ennola Duality’ is discussed in
more detail in Section 1.1. Recently, Avni, Onn, Klopsch & Voll [1] have developed explicit
formulae for the representation zeta functions of the groups Gǫ3(ol). Singla [11] has described
the representation zeta function of the groups GL4(o2), general linear groups over principal ideal
rings of length two. In Theorem 2.6, the main result of this paper, we give a uniform description
of the representation zeta function of the groups Gǫ4(o2) for ǫ ∈ {±1}. We impose no restriction
on the residue characteristic of o.
1.1 Ennola Duality
In the 1960s Ennola (see [3, 4]) observed a duality between the character tables of the groups
GLn(Fq) and GUn(Fq). In particular, he noted that there exists a finite index set I = I(n) and
polynomials gi ∈ Z[t], i ∈ I such that
cd(GLn(Fq)) = {gi(q) : i ∈ I} and cd(GUn(Fq)) = {(−1)deg(gi)gi(−q) : i ∈ I}.
where cd(G) = {χ(1) : χ ∈ Irr(G)} denotes the set of character degrees of a group G. This
phenomenon, known as ‘Ennola Duality’, was later explained by Kawanaka [6]. In [1, Theorem
H], Avni, Onn, Klopsch & Voll have observed an anologous form of Ennoloa duality for the
groups GL3(ol) and GU3(ol). In particular, they observed that, for all g(t) ∈ Z[t] and l ∈ N,
g(q) ∈ cd(GL3(ol)) if and only if (−1)deg gg(−q) ∈ cd(GU3(ol)).
For any prime p, we write cd(G)p′ = {χ(1)p′ : Irr(G)} for the prime-to-p parts of the irreducible
character degrees of a group G. From Theorem 2.6 we deduce that an analogue of Ennola duality
also holds for the groups Gǫ4(o2). More specifically, we observe that the prime-to-p parts of the
character degrees satisfy Ennola Duality:
Corollary 1.1. There are 20 character degrees (p′-part) of the groups Gǫ4(o2):
cd(Gǫ4(o2))p′ = cd(G
ǫ
4(o1))p′ ∪ {(q + ǫ)(q2 + 1), (q3 − ǫ)(q4 − 1), (q + ǫ)(q3 − ǫ)(q4 − 1),
(q − ǫ)(q3 − ǫ)(q4 − 1), (q2 − 1)(q3 − ǫ)(q4 − 1), (q + ǫ)(q2 + ǫq + 1)(q4 − 1),
(q3 + ǫq2 + q + ǫ)2}
where
cd(Gǫ4(o1))p′ = {1, q2+1, q2+ǫq+1, (q+ǫ)2(q2+1), (q+ǫ)2(q2+1)(q2+ǫq+1), (q2+ǫq+1)(q4−1),
(q2 − 1)(q4 − 1), (q2 + 1)(q2 + ǫq + 1), (q + ǫ)(q3 + ǫ), (q2 + 1)(q3 − ǫ),
(q − ǫ)(q2 + 1)(q3 − ǫ), (q − ǫ)(q2 − 1)(q3 − ǫ), (q − ǫ)(q3 − ǫ)}.
Moreover, for l = 1, 2,
g(q) ∈ cd(GL4(ol))p′ ⇐⇒ (−1)deg(g)g(−q) ∈ cd(GU4(ol))p′ .
In [1, Theorem H] the authors note that for n = 3 there is a case distinction between l = 1
and l ≥ 2 for the prime-to-p parts of the set of character degrees, cd(Gǫ3(ol))p′ . Corollary 1.1
shows that there is also a case distinction for the prime-to-p parts of set of character degrees
between l = 1 and l = 2 for n = 4 but we are unable to say anything for l ≥ 3. We make the
following more general conjecture:
Conjecture 1.2 (Ennola Duality over ol). For all l ∈ N
g(q) ∈ cd(GLn(ol))p′ ⇐⇒ (−1)deg(g)g(−q) ∈ cd(GUn(ol))p′ .
1.2 Symmetric matrices and the Frobenius-Schur indicator
In [1, Remark 1.3] the authors note that the special value of the zeta function ζGU3(ol)(s) at
s = −1 (i.e. the sum of character degrees) is equal to the number of symmetric matrices in
GU3(ol), that is
ζGU3(ol)(−1) = (1 + q−1)(1 + q−3)q6l = number of symmetric matrices in GU3(ol).
The corresponding assertion for GL3(ol) holds only for l = 1. This observation, that the sum
of character degrees is equal to the number of symmetric matrices, was observed by Gow &
Klyachko for the groups GLn(Fq) and Thiem & Vinroot for the groups GUn(Fq) (see [14]). This
phenomenon fails in the cases Gǫ4(o2). Let sym
ǫ
n(ol) denote the number of symmetric matrices
in Gǫn(ol). For n = 4 we have
symǫ4(ol) = (1 − ǫq−1)(1 − ǫq−3)q20.
We have the following corollary of Theorem 2.6
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Corollary 1.3. The representation zeta functions of the groups Gǫ4(o2) evaluated at s = −1 are
given by
ζGU4(o2)(−1) = q2(q2 − q + 1)(q14 + q7 − 2q6 − q5 + 2q4 − q3 + 2q2 + q − 2)(q + 1)2;
ζGL4(o2)(−1) = q(q2 + q + 1)(q15 + 2q10 − 2q8 + 2q6 − 2q4 − 4q2 + 4)(q − 1)2
where q is the cardinality of o1. Moreover,
ζGU4(o2)(−1)− sym−14 (o2) = q2(q − 2)(q2 + 1)(q2 − q + 1)(q − 1)2(q + 1)4;
ζGL4(o2)(−1)− sym14(o2) = 2q(q2 + q + 1)(q4 + 2)(q2 + 1)(q + 1)2(q − 1)4;
ζGU4(o2)(−1)
sym−14 (o2)
=
q14 + q7 − 2q6 − q5 + 2q4 − q3 + 2q2 + q − 2
q14
;
ζGL4(o2)(−1)
sym14(o2)
=
q15 + 2q10 − 2q8 + 2q6 − 2q4 − 4q2 + 4
q15
.
In particular,
lim
q→∞
Gǫ4(o2)
symǫ4(o2)
= 1.
The reason for the failure of the sum of character degrees to equal the number of symmetric
matrices can be expressed in terms of word maps with automorphisms and generalized Frobenius-
Schur indicators. It is known, see [2], that for a finite group G with automorphism τ of order 2
we have, for each g ∈ G: ∑
χ∈Irr(G)
iτ (χ)χ(g) = |{h ∈ G : hτh = g}|, (1)
where iτ (χ) =
1
|G|
∑
g∈G χ(g
τg) (analogous to the classic Frobenius-Schur indicator when τ is
trivial). We can think of the right hand side of (1) as the number of solutions to the word map
given by hτh = g where we solve for h ∈ G for a given element g ∈ G. When G = Gǫn(ol), g = 1
and τ is the transpose-inverse automorphism equation (1) becomes∑
χ∈Irr(G)
iτ (χ)χ(1) = |{h ∈ G : h is symmetric}|,
a weighted sum of character degrees. We conclude from Corollary 1.3 that, for Gǫ4(o2), some
representations have non-trivial generalized Frobenius-Schur indicator. This contrasts with the
field case where all groups Gǫn(Fq) have generalised Frobenius-Schur indicators equal to 1. It
would be interesting to see to what extent the final statement of Corollary 1.3 holds for the
groups Gǫn(ol) with n ≥ 4 and l ≥ 2.
2 The representation zeta function of Gǫn(ol)
Let F be a non-Archimedean local field with ring of integers o and let p be the unique maximal
ideal of o. Assume that the residue field k = o/p is finite of order q and characteristic p. We
also fix a uniformiser π of o. A typical example of such a field F is Qp (the p-adic numbers)
with ring of integers Zp (the p-adic integers), unique maximal ideal pZp and residue field Fp.
Let O be an unramified quadratic extension of o, with valuation ideal P and residue field k2, a
quadratic extension of k. Then O = o[δ], where δ =
√
ρ for an element ρ ∈ o whose reduction
modulo p is a non-square in k, and P = πO. Let I denote the integral closure of O in some
fixed algebraic closure of its fraction field, and choose an o-automorphism ◦ of I restricting to
the non-trivial Galois automorphism of the quadratic extension O|o. Let n ∈ N. For a matrix
A = (aij) ∈ Mn(O) write A◦ = ((a◦ij)tr), for the conjugate transpose. A matrix is hermitian if
A◦ = A and anti-hermitian if A◦ = −A. The standard unitary group over o is the group
GUn(o) = {A ∈ GLn(O) : A◦A = In}.
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We also define the corresponding standard unitary o-Lie lattice to be
gun(o) = {A ∈ gln(O) : A◦ +A = 0}.
For l ∈ N we denote by ol the reduction of ol modulo pl, i.e. ol = o/pl, and analogously
Ol = D/P
l. A matrix A ∈ GUn(ol) is called hermitian, respectively anti-hermitian, if it is the
image of a hermitian, respectively anti-hermitian matrix, modulo Pl. Recall that we will simply
write Gǫn where ǫ ∈ {±1} to denote G1n = GLn and G−1n = GUn.
Our overall aim, reached in Theorem 2.6, is to compute a uniform formula for the represent-
ation zeta function of the groups of the form Gǫ4(o2), ǫ ∈ {±1}. First we consider general n ∈ N,
specialising to n = 4 later on. Now we describe a bijection between the irreducible represent-
ations of the groups Gǫn(o2) and the union of the irreducible representations of centralisers of
certain matrices over the field o1. Details can be found in [12]. Let K
ǫ
n denote the kernel of the
map κ : Gǫn(o2) → Gǫn(o1). Note that Kǫn is a finite abelian group and let K̂ǫn denote the set
of characters of Kǫn. The group G
ǫ
n(o2) acts on K̂
ǫ
n by conjugation: if g ∈ Gǫn(o2) and φ ∈ K̂ǫn
then φg(x) = φ(xg) for x ∈ Kǫn. For any φ ∈ K̂ǫn, write Tǫn(φ) = {g ∈ Gǫn(o2) : φg = φ}. Let
Cǫn denote the set of G
ǫ
n(o2)-orbits in K̂
ǫ
n. It is shown in [12] that for a character φ ∈ K̂ǫn there
exists a canonical extension χφ to T
ǫ
n(φ) so that χφ|Kǫn = φ. By Clifford Theory and [12] there
exists a bijetion between the sets
∐φ∈Cǫn{Irr(Tǫn(φ)/Kǫn)} ←→ Irr(Gǫn(o2))
given by
δ 7→ IndGǫn(o2)Tǫn(φ) (χφ ⊗ δ).
Fix a non-trivial additive character ψ : o1 → C∗. Define g1n(o1) := gln(o1). For each matrix A ∈
g1n(o1) define the character ψA : K
1
n → C∗ by
ψA(In+πX) = ψ(Tr(AX)).
The assignment A 7→ ψA defines an isomorphism g1n(o1) ∼= K̂1n. Define g−1n (o1) to be the
subgroup of g1n(D1) such that X 7→ In + πX defines an isomorphism g−1n (o1) ∼= K̂−1n . Thus
g−1n (o1) = {X ∈ g1n(O1) : X +X◦ = 0} = gun(o1). Let Sǫn denote the set of orbits of gǫn(o1) by
Gǫn(o2). Since T
ǫ
n(φ)/K
ǫ
n
∼= ZGǫn(o1)(A) we have the following bijection
∐A∈Sǫn {Irr(ZGǫn(o1)(A))} ←→ Irr(Gǫn(o2)). (2)
It follows that to find the complex irreducible representations of the groups Gǫn(o2) one can
simply write down representatives for the similarity classes Sǫn and induce representations of
their centralisers. The case ǫ = 1, n = 4 has been described by Singla [11]. In Theorem 2.6 we
give formulae for the number of irreducible representations of each degree of the group GU4(o2).
This is achieved by writing down representatives A of similarity classes in g−14 (o1) and studying
the representations of their centralisers ZGǫ4(o1)(A).
Let f(t) = td−ad−1td−1− ...−a0 be a polynomial over a field Fq of degree d. Define matrices
U(f) = U1(f) =


0 1
0 0 1
. . . . .
0 0 0 ... 1
a0 a1 a2 ... ad−1


and
Um(f) =


U(f) Id
U(f) Id
. . . .
U(f)


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with m diagonal blocks U(f) and where Id is the d × d identity matrix. For a partition λ =
{l1, l2, ..., lp} of a positive integer k with l1 ≥ l2 ≥ ... ≥ lp > 0 write
Uλ(f) =


Ul1(f)
Ul1(f)
. . . .
Ulp(f)

 .
In [5] Green shows that there is a one-to-one correspondence between similarity clases in g1n(o1)
and collections of irreducible polynomials with associated partitions satisfying certain conditions.
More specifically, suppose that the characteristic polynomial of a similarity class C is fk11 ...f
kN
N
where the fi are distinct irreducible polynomials over o1, ki ≥ 0 and if the respective degrees of
the fi are di then
∑N
i=1 kidi = n. Then C is similar to the diagonal block matrix
diag{UνC(f1)(f1), UνC(f2)(f2), ..., UνC(fN )(fN )}
where each νC(fi) is a certain partition of ki depending on C. We may therefore represent the
similarity class C by the symbol
{fνC(f1)1 , ..., fνC(fN )N }.
Now let C = {..., fνC(fi)i , ...} for some irreducible polynomials fi. For a natural number d ≥ 1
and a partition ν other than 0 write rC(d, ν) for the number of irreducible polynomials of degree
d appearing in the characteristic polynomial of C with partition νC(f) = ν. Let ρC(ν) be the
partition
(nrC(n,ν), (n− 1)rC(n−1,ν), ...).
We say that two similarity classes, A and B, are of the same type if and only if ρA(ν) = ρB(ν)
for every non-zero partition ν. We will also say that two matrices are of the same type if their
respective similarity classes are of the same type. Now let ρν be a partition valued function on
the non-zero partitions ν (we allow ρν to take the value zero). The function ρν describes a type
in g1n(o1) if and only if ∑
ν
|ρν ||ν| = n. (3)
We analogously define the type of a similarity class in g−1n (o1). The following lemmas, from [1],
allow us to describe the types of matrices that occur in gǫn(o1):
Lemma 2.1 (Lemma 3.2 [1]). Let A,B ∈ g−1n (o) be similar, i.e. GLn(O)-conjugate. Then A,B
are already GUn(o)-conjugate.
Lemma 2.2 (Lemma 3.5 [1]). Let A ∈ g1n(Ol) with characteristic polynomial fA = tn +∑n−1
i=0 cit
i ∈ Ol[t]. If A is GLn(O)-conjugate to an anti-hermitian matrix, then c◦i = (−1)n−ici
for 0 ≤ i < n.
The following lemma highlights the importance of type in the context of computing repres-
entation zeta functions:
Lemma 2.3. If matrices A and B in gǫn(o1) are of the same type, then their centralisers are
isomorphic.
Proof. Since A and B are of the same type there exist irreducible polynomials f1, ..., fN and
g1, ..., gN such that deg(fi) = deg(gi) = di and positive integers ki such that the characteristic
polynomial of A is fk11 ...f
kN
N and the characteristic polynomial of B is g
k1
1 ...g
kN
N . Moreover, there
exist partitions νi of the ki such that A is similar to
diag{Uν1(f1), ..., UνN (fN )}
and B is similar to
diag{Uν1(g1), ..., UνN (gN )}.
From this it is clear that A and B have isomorphic centralisers.
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For any group Gǫn(o1), using equation (3) we may wrtie down a complete and irredundant
list of representatives of types that are characterised by sets of irreducible polynomials and their
associated partitions. This list will not depend on the underlying field, o1, however each of these
representatives may be parameterised by coefficients that do depend on the underlying field. Let
Tǫn denote the set of representatives of types in g
ǫ
n(o1) and for each A ∈ Tǫn, let nA be the total
number of similarity classes of type A. We will also write ZGǫn(o1)(A) for the centraliser of a
matrix of type A. Then
ζGǫn(o2)(s) =
∑
A∈Tǫn
nAζZGǫn(o1)(A)
(s)|Gǫn(o1) : ZGǫn(o1)|−s. (4)
2.1 Representations of Gǫ
2
(ol)
Before proceeding with the proof of Theorem 2.6 we summarise what is already known about the
number of complex irreducible representations of each degree of the groups Gǫ2(ol) for ǫ ∈ {±1}
and l = 1, 2. For (ǫ, n, l) = (1, 2, 1) see Steinberg [13]. For (ǫ, n, l) = (−1, 2, 1) see Ennola [4].
The number of irreducible representations of the groups Gǫ2(o1) is given in Table 1. Details on
the irreducible representations for (ǫ, n, l) = (1, 2, 2) are described by Nagornyi [7] and Onn [9].
For (ǫ, n, l) = (−1, 2, 2) see [1]. Table 2 is a complete and irredundant list of representatives of
similarity class types of gǫ2(o1) under the action by G
ǫ
2(o2). Using equation (4) one can obtain
the representation zeta function of the groups Gǫ2(o2).
Table 1: Representations of Gǫ2(o1)
Number of irreducible representations Degree
q − ǫ 1
q − ǫ q
1
2
(q − ǫ− 1)(q − ǫ) q + ǫ
1
2
(q + ǫ− 1)(q − ǫ) q − ǫ
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Table 2: Representatives of similarity classes in gǫ2(o1) under G
ǫ
2(o2)
Type A ∈ Tǫ2 Parameter Number of similarity Isomorphism type Index of Z
classes, nA Z of ZGǫ2(o1)(A) in G
ǫ
2(o1)
{(t− α)(1,1)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ2(o1) 1
{(t− α)(2)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ1(o2) q
2 − 1
{(t− α1)
(1), (t− α2)
(1)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi + α
◦
i = 0
α1 6= α2
1
2
q(q − 1) Gǫ1(o1)×G
ǫ
1(o1) q(q + ǫ)
ǫ = 1 : {f (1)}
ǫ = −1 : {(t−α1)
(1), (t−α2)
(1)}
ǫ = 1 : f irreducible quadratic
ǫ = −1 : α1 = −α
◦
2 distinct
1
2
q(q − 1) F∗q2 q(q − ǫ)
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2.2 Representations of Gǫ
3
(ol)
We summarise what is already known about the number of complex irreducible representations
of each degree of the groupsGǫ3(ol) for ǫ ∈ {±1} and l = 1, 2. For (ǫ, n, l) = (1, 3, 1) see Steinberg
[13]. For (ǫ, n, l) = (−1, 3, 1) see Ennola [4]. The number of irreducible representations of the
groups Gǫ3(o1) is given in Table 3.
Table 3: Representations of Gǫ3(o1)
Number of irreducible representations Degree
q − ǫ 1
q − ǫ q(q + ǫ)
q − ǫ q3
(q − ǫ− 1)(q − ǫ) q2 + ǫq + 1
(q − ǫ− 1)(q − ǫ) q(q2 + ǫq + 1)
1
6
(q − ǫ − 2)(q − ǫ− 1)(q − ǫ) (q + ǫ)(q2 + ǫq + 1)
1
2
(q + ǫ− 1)(q − ǫ)2 q3 − ǫ
1
3
q(q2 − 1) (q2 − 1)(q − ǫ)
For l ≥ 2 we define Gǫ(l,1) to be the group Hǫ ⋊Dǫl , where
H1 :=



1 α γ0 1 β
0 0 1

 : α, β, γ ∈ Fq

 ;
H−1 :=



1 α γ0 1 α¯
0 0 1

 : α, γ ∈ Fq2 , αα¯ = γ + γ¯

 ;
Dǫl :=



a 0 00 b 0
0 0 a

 : a ∈ Gǫ1(ol−1), b ∈ Gǫ1(o1)

 .
Before describing the irreducible representations of the groups Gǫ3(o2) we first describe the
irreducible representations of the groups Gǫ(l,1).
Proposition 2.4. The complex irreducible representations of the groups Gǫ(l,1) for l ≥ 2 are
given in the Table 4. Hence, its zeta function is given by
ζGǫ
(l,1)
(s) = ql−2(q − ǫ)((q − ǫ) + (q + ǫ)(q − ǫ)−s + (q − 1)(q − ǫ)q−s).
Proof. This follows by adapting the proof of [1, Proposition 6.9] or [9, Theorem 4.1]. We will
provide a sketch proof for completion. The group Hǫ has q − 1 irreducible representations
of degree q that correspond to the non-trivial characters of the centre, and q2 linear characters
factoring through its abelianisation by its centre Zǫ = Z(Hǫ). Write Qǫ := Hǫ/Zǫ = Fq×Fq. For
each of the q−1 non-trivial characters of the centre, χ, there is a unique irreducible representation
ρχ,Hǫ of H
ǫ of dimension q. The remaining representations of Hǫ correspond to the trivial
character of the centre and hence factor through the quotient Qǫ. Each of the representations
ρχ,Hǫ is stabilised by H
ǫ. Let T ǫ = ZǫDǫ ∼= Gǫ(ol) ×Gǫ(o1) and let Hǫ1 be a maximal abelian
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Orbit Parameter Stabiliser in D
[0, 0] − GU1(ol−1)×GU1(o1)
[s] s ∈ Fq2/GU1(Fq) GU1(ol−1)
subgroup of Hǫ. Then χ can be extended from Zǫ = T ǫ ∩Hǫ1 to T ǫHǫ1. Inducing the extension
from T ǫHǫ1 to G
ǫ
(l,1) gives a q-dimensional representation which must extend ρχ,Hǫ . This yields
|Gǫ(l,1) /Hǫ| = |T ǫ/Zǫ| = ql−2(q − ǫ)2 different extensions of ρχ,Hǫ and so ql−2(q − ǫ)2(q − 1)
representations of Gǫ(l,1).
The remaining irreducible characters of Gǫ(l,1) factor through its quotient by Z
ǫ. The case
ǫ = 1 is done in [9]. If ǫ = −1 identify Q−1 and its dual Q−1∨ with the additive group Fq2 . The
action of diag(a, b, a) ∈ D−1l on Q−1∨ is given by Fq2 ∋ u 7→ (a−1bu). The orbits of D−1l on
Q−1∨ are:
By Mackey’s method for semi-direct products (see [10], Section 8.2) this yields |GU1(ol−1)×
GU1(o1)| = ql−2(q + 1)2 linear characters and |F∗q2/GU1(ol−1)||GU1(o1)| = ql−2(q2 − 1) irre-
ducible characters of degree |GU1(o1)| = (q + 1) of G−1(l,1). Putting this all together yields the
required result.
Table 4: Representations of Gǫ(l,1)
Number of irreducible representations Degree
ql−2(q − ǫ)2 1
ql−2(q2 − 1) q − ǫ
ql−2(q − ǫ)2(q − 1) q
The irreducible representations of Gǫn(ol) for (ǫ, n, l) = (1, 3, 2), (−1, 3, 2) can be found in [1].
Table 5 is a complete and irredundant list of representatives of similarity class types of gǫ3(o1)
under the action by Gǫ3(o2). Using equation (4) one can obtain the representation zeta function
of the groups Gǫ3(o2).
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Table 5: Representatives of similarity classes in gǫ3(o1) under G
ǫ
3(o2)
Type A ∈ Tǫ3 Parameter Number of similarity Isomorphism type Z of Index of Z in
classes, nA ZGǫ3(o1)(A) G
ǫ
3(o1)
{(t− α)(1,1,1)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ3(o1) 1
{(t− α)(2,1)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ(2,1) (q
3 − ǫ)(q + ǫ)
{(t− α)(3)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ1(o3) q(q
2 − 1)(q3 − ǫ)
{(t− α1)
(1,1), (t− α2)
(1)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi + α
◦
i = 0, α1 6= α2
q(q − 1) Gǫ1(o1)×G
ǫ
2(o1) q
2(q + ǫ)(q3 − ǫ)
{(t− α1)
(1,1), (t− α2)
(1)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi + α
◦
i = 0, α1 6= α2
q(q − 1) Gǫ1(o1)×G
ǫ
1(o2) q
2(q + ǫ)(q3 − ǫ)
{(t− α1)
(1), (t− α2)
(1), (t− α3)
(1)}
ǫ = 1 : αi ∈ Fq distinct
ǫ = −1 : αi + α
◦
i = 0 distinct
1
6
q(q − 1)(q − 2) Gǫ1(o1)×G
ǫ
1(o1)×G
ǫ
1(o1) q
3(q + ǫ)(q2 + ǫq + 1)
ǫ = 1 : {(t− α)(1), f (1)}
ǫ = −1 : {(t−α1)
(1), (t−α2)
(1), (t−α3)
(1)}
ǫ = 1 : α ∈ Fq, f irreducible quadratic
ǫ = −1 : α1 +α
◦
1 = 0, α2 = −α
◦
3 distinct
1
2
q2(q − 1) Gǫ1(o1)× F
∗
q2 q
3(q3 − ǫ)
{f (1)} f irreducible cubic * 13 q(q
2 − 1) Gǫ1(Fq3) q
3(q2 − 1)(q − ǫ)
*If ǫ = −1 we require that f = t3 +
∑2
i=0 cit
i ∈ Fq2 [t] where c
◦
i = (−1)
i+1ci for 0 ≤ i < 3.
1
0
2.3 Representations of Gǫ
4
(ol)
The irreducible representations of Gǫn(ol) for (ǫ, n, l) = (1, 4, 1) can be found in Steinberg [13]
and are displayed in Table 6. The case (ǫ, n, l) = (−1, 4, 1) is described by Nozawa [8].
Table 6: Representations of Gǫ4(o1)
Number of irreducible representations Degree
q − ǫ 1
q − ǫ q(q2 + ǫq + 1)
q − ǫ q2(q2 + 1)
q − ǫ q3(q2 + ǫq + 1)
q − ǫ q6
(q − ǫ− 1)(q − ǫ) (q + ǫ)(q3 + ǫ)
(q − ǫ− 1)(q − ǫ) q(q2 + 1)(q + ǫ)2
(q − ǫ− 1)(q − ǫ) q3(q3 + ǫ)(q + ǫ)
1
2
(q − ǫ− 1)(q − ǫ) (q2 + 1)(q2 + ǫq + 1)
(q − ǫ− 1)(q − ǫ) q(q2 + 1)(q2 + ǫq + 1)
1
2
(q − ǫ− 1)(q − ǫ) q2(q2 + 1)(q2 + ǫq + 1)
1
2
(q − ǫ− 2)(q − ǫ− 1)(q − ǫ) (q + ǫ)(q2 + 1)(q2 + ǫq + 1)
1
2
(q − ǫ− 2)(q − ǫ− 1)(q − ǫ) q(q + ǫ)(q2 + 1)(q2 + ǫq + 1)
1
24
(q − ǫ− 3)(q − ǫ− 2)(q − ǫ− 1)(q − ǫ) (q2 + 1)(q + ǫ)2(q2 + ǫq + 1)
1
2
(q + ǫ− 1)(q − ǫ)2 (q − ǫ)(q2 + 1)(q2 + ǫq + 1)
1
2
(q + ǫ− 1)(q − ǫ)2 q(q − ǫ)(q2 + 1)(q2 + ǫq + 1)
1
4
q(q − 2)(q − ǫ)2 (q4 − 1)(q2 + ǫq + 1)
1
2
(q + ǫ− 1)(q − ǫ) q2(q − ǫ)2(q2 + ǫq + 1)
1
2
(q + ǫ− 1)(q − ǫ) (q − ǫ)2(q2 + ǫq + 1)
1
8
(q2 − q − 2)(q2 − q − 2 + 2ǫ) (q − ǫ)2(q2 + 1)(q2 + ǫq + 1)
1
3
q(q2 − 1)(q − ǫ) (q4 − 1)(q2 − 1)
1
4
q2(q2 − 1) (q − ǫ)2(q2 − 1)(q2 + ǫq + 1)
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We define Gǫ(2,1,1) to be the group E
ǫ ⋊M ǫ where
E1 :=




1 α β γ
0 1 0 δ
0 0 1 η
0 0 0 1

 : α, β, γ, δ, η ∈ Fq

 ;
E−1 :=




1 α β γ
0 1 0 α¯
0 0 1 β¯
0 0 0 1

 : α, β, γ ∈ Fq2 ;αα¯+ ββ¯ = γ + γ¯

 ;
M ǫ :=




a 0 0 0
0 w z 0
0 y x 0
0 0 0 a

 : a ∈ Gǫ1(o1),
(
w z
y x
)
∈ Gǫ2(o1)

 .
Before describing the irreducible representations of Gǫn(ol) for (ǫ, n, l) = (1, 4, 2), (−1, 4, 2)
we must first describe the irreducible representations of the groups Gǫ(2,1,1).
Proposition 2.5. The representation zeta function of the group Gǫ(2,1,1) is given by
ζGǫ
(2,1,1)
(s) = (q − 1)(q − ǫ)ζGǫ2(o1)(s)q−2s + ζKǫ(s)
where
Kǫ := Eǫ/Z(Eǫ)⋊M ǫ
and
ζK1(s) = (q − 1)ζGL2(o1)(s) + 2(q − 1)2(q2 − 1)−s + (q − 1)(q + 2)((q2 − 1)(q − 1))−s +
(q − 1)3(q(q2 − 1))−s;
ζK−1(s) = (q + 1)ζGU2(o1)(s) + (q
2 − 1)(q + 1)(q(q2 − 1))−s + q(q2 − 1)(q − 1)(q + 1)−2s.
Proof. The case ǫ = 1 can be found in [11]. We proceed with the proof for ǫ = −1 which is
similar to the proof for ǫ = 1. For simplicity write E := E−1 andM := M−1 and let H = E⋊M .
The group E ∼= H4(Fq), the Heisenberg group of degree 4, has q−1 irreducible representations of
dimension q2 which lie above the non-trivial linear representations of the centre Z = Z(E) ∼= Fq.
The groupM acts trivially on Z and hence stabilises all the q2-dimensional irreducible characters
of E. Inducing these representations toH contributes (q−1)ζM (s)q−2s = (q−1)(q+1)q−2sζGǫ2(o1)
to the zeta function of H .
We now deal with the remaining representations. These correspond to representations of
E whose central representation is trivial and factor through Q = E/Z. Consider Q ⋊M and
identify Q and its dual Q∨ with the additive group Fq2 × Fq2 . The action of m ∈ M on Q∨ is
given by Fq2 × Fq2 ∋ (u, v) 7→ (a(ux¯+ vy¯), a(−uD¯y+ vxD¯)) where we write an element m ∈M
as
m =


a 0 0 0
0 x y 0
0 −y¯D x¯D 0
0 0 0 a


for some a, x, y,D ∈ Fq2 satisfying aa¯ = 1, xx¯ + yy¯ = 1 and DD¯ = 1. We now use Mackey’s
method for semi-direct products (see [10], Section 8.2). The orbits of M on Q∨ are:
where
T =
{(
x y
y x
)
: x, y ∈ Fq2 , xx¯+ yy¯ = 1
}
.
This completes the proof.
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Orbit Parameter Stabiliser in D
[0, 0] − Gǫ2(o1)×G
ǫ
1(o1)
[s, 0] s ∈ Fq2/GU1(Fq) G
ǫ
1(o1)×G
ǫ
1(o1)
[s, 1] s ∈ Fq2/GU1(Fq) T
The irreducible representations of Gǫn(ol) for (ǫ, n, l) = (1, 4, 2) can be found in [11]. We
have now found every irreducible representation for (ǫ, n, l) = (−1, 4, 2) and we summarise this
in Table 7. The number of complex irreducible representations of each degree of the groups
Gǫ4(o2) can be obtained from the information in Table 7 using equation (4).
Theorem 2.6. The zeta function of the group Gǫ4(o2) is given by
ζGǫ4(o2)(s) =
∑
A∈Tǫ4
nAζZGǫ
4
(o1)
(A)(s)|Gǫ4(o1) : ZGǫ4(o1)(A)|−s,
where Tǫ4 denotes the set of types of similarity classes in g
ǫ
4(o1).
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Table 7: Representatives of similarity classes in gǫ4(o1) under G
ǫ
4(o2)
Type A ∈ Tǫ4 Parameter Number of similarity Isomorphism type Index of Z in G
ǫ
4(o1)
classes, nA Z of ZGǫ4(o1)(A)
{(t− α)(1,1,1,1)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ4(o1) 1
{(t− α)(2,1,1)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ(2,1,1) (q
2 + 1)(q3 − ǫ)(q + ǫ)
{(t− α)(2,2)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ2(o2) q(q
4 − 1)(q3 − ǫ)
{(t− α)(3,1)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ(3,1) q
2(q4 − 1)(q3 − ǫ)(q + ǫ)
{(t− α)(4)}
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0
q Gǫ1(o4) q
3(q4 − 1)(q3 − ǫ)(q2 − 1)
{(t− α1)
(1,1,1), (t− α2)
(1)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi+α
◦
i = 0, /, α1 6= α2
q(q − 1) Gǫ3(o1)×G
ǫ
1(o1) q
3(q + ǫ)(q2 + 1)
{(t− α1)
(2,1), (t− α2)
(1)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi + α
◦
i = 0, α1 6= α2
q(q − 1) Gǫ(2,1) ×G
ǫ
1(o1) q
3(q2 + 1)(q + ǫ)2(q3 − ǫ)
{(t− α1)
(3), (t− α2)
(1)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi + α
◦
i = 0, α1 6= α2
q(q − 1) Gǫ1(o3)×G
ǫ
1(o1) q
4(q4 − 1)(q3 − ǫ)(q + ǫ)
{(t− α1)
(1,1), (t− α2)
(1,1)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi + α
◦
i = 0, α1 6= α2
1
2
q(q − 1) Gǫ2(o1)×G
ǫ
2(o1) q
4(q2 + 1)(q2 + ǫq + 1)
{(t− α1)
(2), (t− α2)
(1,1)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi + α
◦
i = 0, α1 6= α2
q(q − 1) Gǫ1(02)×G
ǫ
2(o1) q
4(q2 + ǫq + 1)(q4 − 1)
{(t− α1)
(2), (t− α2)
(2)}
ǫ = 1 : α1 6= α2 ∈ Fq
ǫ = −1 : αi + α
◦
i = 0, α1 6= α2
1
2
q(q − 1) Gǫ1(o2)×G
ǫ
1(o2) q
4(q + ǫ)(q4 − 1)(q3 − ǫ)
{(t−α1)
(1,1), (t−α2)
(1), (t−α3)
(1)}
ǫ = 1 : αi ∈ Fq distinct
ǫ = −1 : αi + α
◦
i = 0, distinct
1
2
q(q − 1)(q − 2) Gǫ2(o1)×G
ǫ
1(o1)
2 q5(q + ǫ)(q2 + 1)(q2 + ǫq + 1)
1
4
Type A ∈ Tǫ4 Parameter Number of similarity Isomorphism type Index of Z
classes, nA Z of ZGǫ4(o1)(A) in G
ǫ
4(o1)
{(t− α1)
(2), (t− α2)
(1), (t− α3)
(1)}
ǫ = 1 : αi ∈ Fq distinct
ǫ = −1 : αi + α
◦
i = 0 distinct
1
2
q(q − 1)(q − 2) Gǫ1(o1)
3 q5(q2 + 1)(q + ǫ)2(q3 − ǫ)
{(t− αi)
(1)}i=1,2,3,4
ǫ = 1 : αi ∈ Fq distinct
ǫ = −1 : αi + α
◦
i = 0 distinct
1
24
q(q − 1)(q − 2)(q − 3) Gǫ1(o1)
4 q
6(q3 + ǫq2 + q + ǫ)×
(q + ǫ)(q2 + ǫq + 1)
ǫ = 1 : {(t− α)(1,1), f (1)}
ǫ = −1 : {(t− α1)
(1,1), (t− α2)
(1), (t− α3)
(1)}
ǫ = 1 : α ∈ Fq, f irreducible quadratic
ǫ = −1 : α1 + α
◦
1 = 0, α2 = −α
◦
3 distinct
1
2
q2(q − 1) Gǫ2(o1)× F
∗
q2 q
5(q3 − ǫ)(q4 − 1)
ǫ = 1 : {(t− α)(2), f (1)}
ǫ = −1 : {(t− α1)
(2), (t− α2)
(1), (t− α3)
(1)}
ǫ = 1 : α ∈ Fq, f irreducible quadratic
ǫ = −1 : α1 + α
◦
1 = 0, α2 = −α
◦
3 distinct
1
2
q2(q − 1) Gǫ1(o2)× F
∗
q2 q
5(q3 − ǫ)(q4 − 1)
ǫ = 1 : {(t− α1)
(1), (t− α2)
(1), f (1)}
ǫ = −1 : {(t− αi)
(1)}i=1,2,3,4
ǫ = 1 : αi ∈ Fq distinct, f irreducible quadratic
ǫ = −1 : αi + α
◦
i = 0, i = 1, 2 distinct
α3 = −α
◦
4 distinct
1
4
q2(q − 1)2 Gǫ1(o1)
2 × F∗q2 q
6(q + ǫ)(q2 + 1)(q3 − ǫ)
ǫ = 1 : {f (1,1)}
ǫ = −1 : {(t− α1)
(1,1), (t− α2)
(1,1)}
ǫ = 1 : f irreducible quadratic
ǫ = −1 : α1 = −α
◦
2 distinct
1
2
q(q − 1) GL2(Fq2) q
4(q − ǫ)(q3 − ǫ)
ǫ = 1 : {f (2)}
ǫ = −1 : {(t− α1)
(2), (t− α2)
(2)}
ǫ = 1 : f irreducible quadratic
ǫ = −1 : α1 = −α
◦
2 distinct
1
2
q(q − 1) Fq2 × F
∗
q2 q
4(q4 − 1)(q3 − ǫ)(q − ǫ)
ǫ = 1 : {f (1), g(1)}
ǫ = −1 : {(t− αi)
(1)}i=1,2,3,4
ǫ = 1 : f 6= g irreducible quadratics
ǫ = −1 : α1 = −α
◦
2 distinct, α3 = −α
◦
4 distinct
{α1, α2} 6= {α3, α4}
1
8
q(q − 1)(q2 − q − 2) F∗q2 × F
∗
q2 q
6(q2 + 1)(q3 − ǫ)(q − ǫ)
{(t− α)(1), f (1)} f irreducible cubic
ǫ = 1 : α ∈ Fq
ǫ = −1 : α+ α◦ = 0 *
1
3
q2(q2 − 1) Gǫ1(o1)×G
ǫ
1(Fq3) q
6(q4 − 1)(q2 − 1)
{f (1)} f irreducible quartic **
1
4
q2(q2 − 1) F∗q4 q
6(q − ǫ)(q2 − 1)(q3 − ǫ)
* If ǫ = −1 we require that f = t3 +
∑2
i=0 cit
i ∈ Fq2 [t] where c
◦
i = (−1)
i+1ci for 0 ≤ i < 3.
** If ǫ = −1 we require that f = t4 +
∑3
i=0 cit
i ∈ Fq2 [t] where c
◦
i = (−1)
i+1ci for 0 ≤ i < 4.
1
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